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1. Introduction
In the algebraic approach, the quantum field theory is formulated from the
assignment of an algebra of observables, chosen here to be the algebra of fields
— the solutions of the Klein-Gordon equation (see section (2.1) for more details). This
approach becomes more advantageous in curved spacetimes, because of the absence
of a well-defined concept of vacuum state. The incorporation of interacting fields into
this framework can be done perturbatively [2, 3, 4].
Although the determination of a state space is not a cornerstone of the theory,
states are needed to compute expectation values. Their construction in explicit cases
is not a trivial task. On the other hand, since the solutions of the equations of motion
are, in general, distributions, the analysis of their singularity structure is of highest
importance. In this work we will focus on states which are completely described
by their two-point functions, the so-called quasifree states (see section (2.2)). Among
such states, the physically sensible ones are the so-calledHadamard states, for which a
rigorous definition was first given in [5]. Afterwards, it was shown that an equivalent
definition can be given in terms of the wavefront set of the corresponding two-
point function [6, 7]. This characterization is reminiscent of the spectral condition in
Minkowski spacetime. It has also been shown that the expectationvalue of the energy-
momentum tensor on these states is coherently renormalizable [8, 9]. For the case of
non-quasifree states, the singularities of all n-point functions can be determined from
the singularities of their two-point function and the canonical commutation relations
[10].
Parker [11] constructed states on asymptotically flat Robertson-Walker
spacetimes, aiming at minimizing the production of asymptotically free particles,
the so called adiabatic states. Neither was the asymptotic freedom verified, nor was
this construction free of mathematical problems. Later on, Lüders and Roberts [12]
presented a mathematically sound definition of adiabatic states and proved that
any two adiabatic states are locally quasiequivalent. Afterwards, it was shown that
all quasifree Hadamard states form a local quasiequivalence class‡ [13, 14]. More
recently, Junker and Schrohe [15] extended the definition of adiabatic states for
a certain class of globally hyperbolic spacetimes and showed that, under suitable
conditions, the adiabatic states are Hadamard states.
In spite of the fact that the expectation value of the energy-momentum tensor of
a scalar field on a Hadamard state is coherently renormalizable, it possesses no lower
bound [16]. This would give rise to violations of the second law of thermodynamics,
as well as pathological spacetimes (allowing violations of causality). On the other
hand, if instead of calculating the renormalized energy density at a particular point
of spacetime, one smears it with the square of a smooth test function of compact
support along the worldline of a causal observer, one finds that the resulting quantity
‡ In the particular case of a globally hyperbolic spacetime with a compact Cauchy hypersurface, the
set of all Hadamard quasifree states forms a unitary equivalence class [8].
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cannot be arbitrarily negative. It was more recently shown that this result can also be
obtained by smearing over a spacelike submanifold of spacetime. These results are
known as Quantum Energy Inequalities (QEIs) [17, 18].
Inspired by these results, Olbermann [1] constructed states for the field algebra
on RW spacetimes which are invariant under their symmetries and minimize the
expectation value of the smeared renormalized energy density. Besides, using the
adiabatic ansatz as initial condition for the scalar field and analyzing the singularity
structure of those states, he was able to show that the States of Low Energy (SLE) are
Hadamard States.
In this work, we generalize this construction in two different ways. First,
we treat spacetimes whose Cauchy hypersurfaces are homogeneous and compact
without boundary and show how to define symmetric states on such spacetimes. The
set of spacetimes with homogeneous Cauchy hypersurfaces encompasses the well
known Bianchi spacetimes [19]. Hadamard states were recently constructed on these
spacetimes by the authors of [20]. Wewill briefly comment on examples of spacetimes
whose Cauchy hypersurfaces are compact and homogeneous. Second, we consider
expanding spacetimes whose Cauchy hypersurfaces have no spatial symmetries but
are compact and have no boundary. On both cases, we smear the energy density
with respect to geodesic observers and prove that one can choose states which both
minimize the energy density and satisfy the Hadamard condition. Besides, it will
become clear that the latter case generalizes the former.
On section (2) we present the scalar field quantization according to the algebraic
approach. On section (3) we introduce our generalization of the concept of States
of Low Energy and, on section (4), we prove that the new states are also Hadamard
states.
2. Scalar Field quantization on Globally Hyperbolic Spacetimes
2.1. Quantized scalar field
Globally hyperbolic spacetimes M are smooth, orientable, time orientable and
paracompact manifolds, also possessing smooth Cauchy hypersurfaces [21, 22]. They
have the topological structureM = R×Σ and the property that, for any point p ∈ M,
every inextendible causal curve through p intersects Σ exactly once. Hence, the
determination of the solution of the equations of motion on Σ fixes uniquely the field
configuration at any point of spacetime [8].
It is well known [14] that the wave equation of a massive scalar field on such
spacetimes admits unique retarded and advanced fundamental solutions, which are
maps E± : C∞0 (M)→ C∞(M), such that, for f ∈ C∞0 (M) ≕ D(M),(
 +m2
)
E
± f = E±
(
 +m2
)
f = f (1)
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and
supp(E± f ) ⊂ J±(supp f ) .
Here, J+(−)(A), for any subset A ⊂ M, indicates the causal future (past) of A, i.e., the
set of all points on M which can be reached from A along a future-(past-)directed
causal curve [22].
The functions f ∈ D(M) are called test functions, and P ≔  + m2 will denote
the differential operator. From the fundamental solutions, one defines the advanced-
minus-retarded-operator E ≔ E− − E+ as a map E : C∞0 (M) → C∞(M). Using E, we
define the antisymmetric form
σ( f , f ′) = −
∫
d4x
√
|g| f (x)(E f ′)(x) = −E( f , f ′) . (2)
This antisymmetric form is degenerate, because if f1 and f2, both elements ofD(M),
are related by f1 = P f2, then ∀ f ∈ D(M) we have
σ( f , f1) = 0 .
Therefore the domain of the antisymmetric form must be replaced by the quotient
spaceD(M)/RanP ≕ K(M)§. The pair (Re(K(M)), σ) forms a symplectic vector space.
We now construct the algebra of fields. To each f ∈ K(M) we assign the abstract
symbol Φ( f ) and construct the universal tensor algebra:
A ≔
∞⊕
n=0
K(M)⊗n ,
where K(M)(0) ≡ 1. Endowing this algebra with a complex conjugation as a ∗-
operation and taking its quotient with the closed two-sided ∗-ideal J generated
by:
Φ( f )Φ( f ′) − Φ( f ′)Φ( f ) + iσ( f , f ′)1 ;
Φ(P f ) = 0 ,
we obtain a unital ∗-algebra F , the CCR-algebra. The symbols Φ( f ) are distributions:
Φ( f ) =
∫
d4x
√
|g|φ(x) f (x) . (3)
Moreover, a topology canbe assigned to this algebra [23], turningF into a topological,
unital ∗-algebra.
Dimock [24] showed that the CCR-algebra can be equivalently constructed
using the initial-value fields, by setting φ = E f and ψ = E f ′, where f and f ′
are test functions: one defines the restriction operators ρ0 : φ 7→ φ↾Σ ≕ φ0 and
§ RanP is the range of the operator P, that is, the elements f ∈ D(M) such that f = Ph for some
h ∈ D(M).
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ρ1 : φ 7→ (∂nφ)↾Σ ≕ φ1 (and similarly for ψ), where ∂n is the derivative in the direction
of the vector n, normal to Σ. The new space of functions is given by
L(Σ) =
{
(φ0, φ1) ∈ C∞0 (Σ) × C∞0 (Σ)
}
, (4)
and the symplectic form, by
σ( f , f ′) = −
∫
Σ
d3x
√
|g↾Σ|
(
φ0(x)ψ1(x) − ψ0(x)φ1(x)
)
. (5)
The symplectic form defined above does not dependend on the Cauchy hypersurface
on which it is calculated and it is preserved by the isomorphic mapping β : K →
L , φ 7→ (φ1, φ2).
On a general globally hyperbolic spacetime, one can always choose a coordinate
system on which the metric takes the form [14]
ds2 = Γdt2 − ht , (6)
where Γ is a positive smooth function and ht is a Riemannian metric on Σ depending
smoothly on t ∈ R. But the Klein-Gordon equation arising from such a metric is not,
in general, separable. We will make here the assumptions that Γ ≡ 1 and that the
metric on the spatial hypersurfaces can be written in the following form:
ht = c(t)
2hi j(x)dx
idx j . (7)
We will call such spacetimes expanding spacetimes. Here, c(t) is a smooth positive
function of time, the so called scale factor, and hi j(x) is the metric on the Riemannian
hypersurfaces (x denotes the spatial coordinates of a point on the manifold). The
metric assumes the usual form
ds2 = dt2 − c(t)2hi j(x)dxidx j , (8)
and Klein-Gordon equation for a scalar field φ(t, x) assumes, then, the form(
∂2t + 3
c˙(t)
c(t)
∂t − ∆h
c(t)2
+m2
)
φ(t, x) = 0 . (9)
If the Riemannian hypersurfaces are compact, which will be the case in the
problems treated below‖, the Laplace operator −∆h becomes an essentially self-
adjoint operator on the Hilbert space L2(Σ,
√|h|). We will also denote its unique
self-adjoint extension by−∆h. This extension possesses a complete set of orthonormal
eigenfunctions ψ j (on the following, we will, for short, refer to ψ j as eigenfunctions
of the laplacian) and the index j runs over a countable set I. The corresponding
‖ The problem of mode decomposition for spacetimes with noncompact homogeneous Riemannian
hypersurfaces was treated in [25]. We are indebted to the author of that paper for stressing the validity
of our treatment.
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eigenvalues λ j form a discrete spectrum and they form a nondecreasing sequence,
i.e., for j1 > j2, λ j1 > λ j2 [26]. Also, ∀ j , 0 , λ j > 0. The solution to equation (9) can be
written as
φ(t, x) = T j(t)ψ j(x) , (10)
and T j must satisfy (
∂2t + 3
c˙(t)
c(t)
∂t + ω
2
j (t)
)
T j(t) = 0 , (11)
where
ω2j (t) ≔
λ j
c(t)2
+m2 . (12)
The two linearly independent real valued solutions of equation (11) can be
combined in a complex valued solution which satisfies the normalization condition
T˙ j(t)T j(t) − T j(t) ˙T j(t) = i
c(t)3
. (13)
Since the left-hand side is the Wronskian W[T j,T j], T j(t) and T j(t) are linearly
independent. From this linear independence, if S j(t) and S j(t) are also linearly
independent solutions of (11), we can write
T j(t) = α jS j(t) + β jS j(t) . (14)
Since S j(t) must also satisfy (13), the parameters α j and β j are then subject to
|α j|2 − |β j|2 = 1 . (15)
The solutions to equation (11) have only two free parameters. On the other hand,
taking into account the absolute values and phases of α j and β j, subject to (15), we
would have three free parameters. One of these is then a free parameter. Throughout
this paper, we choose β j to be a real parameter.
2.2. States and the Hadamard condition
States ω are functionals over the CCR-algebra F with the following properties¶:
Linearity ω(αA + βB) = αω(A) + βω(B), α, β ∈ C, A, B ∈ F ;
Positive-semidefiniteness ω(A∗A) ≥ 0;
Normalization ω(1) = 1.
¶ We remind the reader that the algebra F is a unital topological ∗-algebra. Otherwise, the definition
of state would not be correct.
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The n-point functions of ω are defined as
w(n)ω ( f1 ⊗ . . . ⊗ fn) ≔ ω(Φ( f1) . . .Φ( fn)) .
The higher-point functions also possess the linearity property, i.e., w(n)ω : F
⊗n → C is
linear in each of its arguments.
In the present work we will focus on states which are completely described by
their two-point functions, the so-called quasifree states. All odd-point functions vanish
identically and the higher even-point functions can be written as
w(2n)ω ( f1 ⊗ . . . ⊗ f2n) =
∑
p
n∏
k=1
w(2)ω ( fp(k), fp(k+n)) .
Here, w(2n)ω is the 2n-point function associated to the state ω, w
(2)
ω ( fp(k), fp(k+n)) ≡
ω( fp(k), fp(k+n)) and the sum runs over all permutations of {1, . . . , n} which satisfy
p(1) < . . . < p(n) and p(k) < p(k + n). We call a state pure if it is not a convex
combination of two distinct states, i.e.,
∄ω1, ω2 distinct states over F , and λ ∈ (0, 1) |ω = λω1 + (1 − λ)ω2 .
The existence of representations of the fields as operators on a certain Hilbert
space is achieved by means of the GNS construction [27]: given a ∗-algebra F and a
stateω over this algebra+, there exists a representation (Hω, piω) consisting of aHilbert
spaceHω and a representation piω of the algebra F as operators on this Hilbert space.
Also, ∃Ω ∈ Hω such that, ∀F ∈ F , ω(F) = 〈Ω|piω(F)|Ω〉, andΩ is a cyclic vector in Hω.
The triple (Hω, piω,Ω) is unique up to unitary equivalence and the representation is
irreducible if and only if the state ω is pure.
The physically meaningful states are the Hadamard states, which are
characterized by the singularity structure of their two-point function. This
characterization is reminiscent of the spectral condition onMinkowski spacetime. The
formal definition of Hadamard states (see below) is given in terms of the wavefront
set WF of the two-point distributions corresponding to the states [6, 7, 28]. It is
also known that the expectation value of the energy-momentum tensor on these
states has a sensible renormalization [8, 9]. The advantage of this approach is that
the WF is a geometrical object and therefore the location of singularities can be
coherently analyzed, even in curved spacetimes. Besides, it allows the incorporation
of interacting field theories at the perturbative level in the algebraic approach [2, 3, 4].
We will present this definition now.
Let v be a distribution of compact support. If ∀N ∈N0 , ∃CN ∈ R+ such that
|vˆ(k)| 6 CN (1 + |k|)−N , k ∈ Rn , (16)
+ One can start with a positive semi-definite functional and take the quotient of the algebra by the left
ideal given by
Nω = {F ; F ∈ F , ω(F∗F) = 0} .
States of Low Energy in Homogeneous and Inhomogeneous, Expanding Spacetimes 8
then v is in C∞0 (R
n). Accordingly, the singular support (singsupp) of v is defined as the
set of points having no neighborhood where v is in C∞. Moreover, we define the cone
Σ(v) as the set of points k ∈ Rn{0} having no conic neighborhood V such that (16) is
valid when k ∈ V.
For a general distribution u ∈ D′(X), where X is an open set inRn and φ ∈ C∞0 (X),
φ(x) , 0, we define
Σx(u) ≔
⋂
φ
Σ(φu) .
Definition 2.2.1. If u ∈ D′(X) then theWavefront set of u is the closed subset of X×(Rn{0})
defined by
WF(u) = {(x, k) ∈ X × (Rn{0})| x ∈ singsupp u , k ∈ Σx(u)} .
In [28] it was proved that the wavefront set of a distribution defined on Rn
transforms under change of coordinates as an element of the cotangent bundle T ∗Rn.
In [18] the authors remarked that, if u is a distribution on them-dimensional manifold
M, (x, k) ∈ WF(u) ⊂ T ∗M{0} if and only if there exists a chart neighborhood
(κ,U) of x such that the corresponding coordinate expression of (x, k) belongs to
WF(u ◦ κ−1) ⊂ Rm × Rm{0}. Besides, the wavefront set of u is independent of the
particular chart chosen.
Finally, quasifree Hadamard states are defined by the following
Definition 2.2.2. A quasifree state ω is said to be a Hadamard state if its two-point
distribution ω2 has the following Wavefront set:
WF(ω2) =
{
(x1, k1; x2,−k2) | (x1, k1; x2, k2) ∈ T ∗ (M×M){0}; (x1, k1) ∼ (x2, k2); k1 ∈ V+
}
(17)
where (x1, k1) ∼ (x2, k2) means that there exists a null geodesic connecting x1 and x2, k1 is the
cotangent vector to this geodesic at x1 and k2, its parallel transport, along this geodesic, at x2.
V+ is the closed forward light cone of T ∗x1M.
To facilitate the writing, we will call this set C+ and say that a quasifree state is
Hadamard if its two-point function has this wavefront set:
WF(ω2) = C
+ . (18)
As stated in the introduction, the Hadamard condition can be similarly formulated
for non-quasifree states [10].
One useful property ofWF, which will be used later, is that for two distributions
φ and ψ,
WF(φ + ψ) ⊆WF(φ) ∪WF(ψ) . (19)
If the WF of one of the distributions is empty, i.e., if one of them is smooth, then this
inclusion becomes an equality.
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Finally, we remark that the Hadamard condition only imposes a restriction on
the singular structure of the two-point function of a state, the smooth part of the two-
point function remaining completely undetermined. Besides, since states are linear
functionals on the algebra of fields, it is immediate to see that the antisymmetric part
of the two-point function of a quasifree state coincides with the causal propagator
associated to the Klein-Gordon operator (up to a multiplicative factor of i).
2.3. Quasifree states in Homogeneous spacetimes
The spatial hypersurfaces are Riemannian submanifolds, and we will now
present the definition of homogeneity on them.
Definition 2.3.1. Let G be a group of isometries from the Riemannian manifold Σ to itself,
i.e., g ∈ G is a diffeomorphism from Σ to itself and ∀g ∈ G, g∗h = h, where h is the metric on
Σ. If for every pair of points p, q ∈ Σ, ∃g′ ∈ G such that g′p = q, then the group G is said to
act transitively on Σ. A Riemannian manifold with a transitive group of isometries is called
homogeneous [26].
The action of the group G as a group of isometries at a point (t, x) ∈ M is
g(t, x) = (t, gx), where t ∈ R and x ∈ Σ. The homogeneous spaces can be classified
according to their Lie-group structure [29] and are designated as Bianchi I-IX spaces.
From this classification, one can construct globally hyperbolic spacetimes whose
Cauchy hypersurfaces are isometric to one of those homogeneous spaces. Such
spacetimes are called Bianchi spacetimes.
We are interested in spacetimeswith compact Riemannianhypersurfaceswithout
boundary because, in this case, each eigenvalue of the laplacian has finite multiplicity
[30], thus simplifying both the mode decomposition presented earlier and the
construction of symmetric states. The Bianchi spaces I-VIII are topologically
equivalent to R3, therefore noncompact. The symmetry structure of the Bianchi IX
space is given by the SU(2) group, which is already compact. Among the noncompact
ones, the simplest is Bianchi I, which has a commutative group structure. By taking
the quotient between this group and the group Z of integer numbers, the resulting
space is the 3-torus. This is a compact space without boundary. We remark that there
exists more than one method of compactification (see [31] and references therein).
G has a unitary representation U ⊕U on L2(Σ) ⊕ L2(Σ), given by U(g) f = f ◦ g−1,
such that
αg
(
φ( f )
)
= φ( f ◦ g−1) . (20)
A quasifree state ω is said to be symmetric if ∀g ∈ G, ω ◦ αg = ω. The quasifree
symmetric state will be denoted by ωG.
The Riemannian metric on Σ induces a scalar product on L2(Σ)⊕ L2(Σ). Working
with the initial-value fields F = (F0, F1) =
(
ρ0E f , ρ1E f
)
and F′ =
(
F′0, F
′
1
)
=
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ρ0E f ′, ρ1E f ′
)
, we have
(F, F′) =
∫
d3x
√
|h|
(
F0F
′
0 + F1F
′
1
)
. (21)
Schwarz’s nuclear theorem states that to the two-point function S in the space of
initial-value fields is associated an element of the dual to L2(Σ):
L2(Σ) ∋ F′ 7→ S(·, F′) ∈
(
L2(Σ)
)∗
.
Now, from Riesz’s representation theorem, to the element S(·, F′) ∈ (L2(Σ))∗ there
exists associated an element Sˆ(F′) ∈ L2(Σ)
Therefore, ∀F ∈ L2(Σ),
S(F, F′) =
(
F, Sˆ(F′)
)
. (22)
Using the eigenfunctions of the laplacian, a generalized Fourier transform can be
defined:
F˜ j :=
(
ψ j, F
)
L2
=
∫
d3x
√
|h|ψ j(x)F(x) . (23)
The fact that the ψ j form a complete basis of orthonormal eigenfunctions of the
laplacian operator allows us to write
S (F, F′) =
∑
j
〈˜F j,˜ˆS(F′) j〉 , (24)
where
〈˜F j,˜ˆS(F′) j〉 =
1∑
l=0
F˜l j
(
˜ˆS(F′)l
)
j
. (25)
This last sum is over l ranging from 0 to 1 because F and F′ are representing the
initial-value fields (F0, F1) and
(
F′0, F
′
1
)
.
The proof that this two-point function gives rise to a quasifree homogeneous state
follows from [12]. The only difference from the proof now is that, in RW spacetimes,
the commutant of each symmetry group consists of diagonalizable operators (see
Appendix A of that reference), i.e., operators T such that(
T˜ f
)
j
= t j f˜ j .
This will not be generally true in our case. There, this fact led to the conclusion that
the operation of Sˆ on a test function, evaluated in Fourier space, simply amounted to
a multiplication by a function of the mode, i.e., ˜ˆS(F′) j =
˜ˆS jF˜′ j, but this is not true here.
Nevertheless the same analysis made there for the operator ˜ˆS j can be made here for
˜ˆS(F′) j. In our case, this results in the construction of a quasifree homogeneous state,
while there the state was also isotropic.
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The two-point functions of the homogeneous states are given by
w(2)ωG(x, x
′) =
∑
j
T j(t)T j(t
′)ψ j(x)ψ j(x
′) (26)
and T j has initial conditions at time t0 given by
T j(t0) = q j , T˙ j(t0) = c
−3(t0)p j ,
where q j and p j are polynomially bounded functions. Elliptic regularity guarantees
the boundedness of ψ j(x)ψ j(x
′).
2.4. Quasifree states in Expanding Spacetimes
In this subsection, wearegoing to construct quasifree states in spacetimeswithout
spatial symmetries. Therefore, the discussion about symmetric states becomes
meaningless here. However, we will now show that the GNS construction presented
in section (2.2) provides us states whose two-point functions can be written as in (26).
Given a state ω and the corresponding cyclic vector Ω ∈ Hω, we will expand the
representation of the field in terms of the operator a and its adjoint, a†, such that
a|Ω〉 = 0 .
On those spacetimes which we denoted expanding spacetimes (see section (2.1)),
the KG operator separates as a laplacian operator on the Cauchy hypersurfaces and
an ordinary differential operator (see (11)). Hence, the field can be expressed as (we
use the symbol φ to denote both the field and its representation on the Hilbert space
generated by the GNS construction)
φ(t, x) =
1√
2
[
a jT j(t)ψ j(x) + a
†
jT j(t)ψ j(x)
]
. (27)
The operator a and its adjoint also follow the mode decomposition. These operators
satisfy the usual commutation relations:[
a j, a j′
]
=
[
a†j , a
†
j′
]
= 0
[
a j, a
†
j′
]
= δ j j′ ,
where δ j j′ is the Kronecker delta.
Evaluated on the state |Ω〉, the two-point function of this field operator is ( f and
f ′ are test functions of compact support)
w(2)ω
(
φ( f )φ( f ′)
)
=
∫
d4x
√
|g(x)|d4x′
√
|g(x′)| f (t, x) f ′(s, x′)
∑
j
T j(t)T j(s)ψ j(x)ψ j(x
′) .
≕
∫
d4x
√
|g(x)|d4x′
√
|g(x′)| f (t, x) f ′(s, x′)w(2)ω (x, x′) . (28)
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Here we note that this two-point function has the same form as (26), but it was
formulated for general expanding spacetimes, therefore it has a wider range of
aplicability than the former one.
Regarding the convergence of the sum in equation (28), we remark that we will
write T j in the form (14) with α and β subject to (15) and β chosen to be real. For
the solution S j(t) we will choose initial conditions given by the N-fold iteration of the
adiabatic ansatz — see section (4.2). There we will show that, for a large N, the state
whose two-point function is given by (28) is a Hadamard state.
3. States of Low Energy in Expanding Spacetimes
Wewill now construct the States of LowEnergy in expanding spacetimeswithout
spatial symmetries but with compact Cauchy hypersurface without boundary. We
will show that the construction in homogeneous spacetimes is a particular case of
the one presented in this section. We will point out the differences between our
construction and the original one, given in [1].
The renormalized energy density will be obtained bymeans of the point-splitting
method. In the absence of spatial symmetries, this quantity must be dependent
on position, therefore we will need to smear it over a spatially extended spacelike
submanifold. Since the Cauchy hypersurfaces are compact, we can perform the
smearing with test functions which do not depend on the spatial position. In the
homogeneous case, the renormalized energy densitywill be integrated over a Cauchy
hypersurface and the result will be divided by the volume of this region, as in the
particular case of RW spacetime with positive spatial curvature [1]. We want to stress
here that in the RW spacetimes with negative or null spatial curvature there was no
need to perform the smearing in space, whereas it is necessary in the inhomogeneous
case.
We will choose as observers a congruence of geodesic curves which are
everywhere orthogonal to the Cauchy hypersurfaces. This means that for every
such observer, its four velocity γ˙ is orthogonal to every vector X ∈ TpΣ, for every
point p in Σ. In the coordinate system we have chosen, with metric of the form (8),
the ortogonality condition becomes
g(γ˙,X) = −c2(t)hkl(x)γ˙k(t, x)Xl(t, x) = 0 ∴ γ˙k ≡ 0 . (29)
We also require that the four velocity is normalized. Thus,
g(γ˙, γ˙) = (γ˙0)2 = 1 ∴ γ˙0 = 1 . (30)
The energy density measured by the chosen observers is evaluated from the
energy-momentum tensor Tab(x) as
ρ(x) = Tµν(x)γ˙
µγ˙ν = T00(x) . (31)
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The expectation value of the regularized energy density on a state ω is
〈Tˆreg〉ω(x, x′) =
[
1
2
∇0|x∇0|x′ + 1
2
∇c|x∇c|x′ + 1
2
m2
]
w(2)ω (x, x
′) . (32)
The renormalized energy density is encountered by subtracting from this
expression the expectation value of the energy density on a reference Hadamard
state ω0,
〈Tˆren〉ω = 〈Tˆreg〉ω − 〈Tˆreg〉ω0 , (33)
and then taking the coincidence limit x′ → x. The renormalization counterterms
amount to purely geometrical terms [8, 9, 32]. Since these are independent of the state
ω they turn out to be irrelevant for the determination of the SLE. Therefore, they will
not be written in the following.
By performing the Bogolubov transformation (14), w(2)ω (x, x
′) becomes
w(2)ω (x, x
′) =
∑
j
[
(1 + β2j )S j(t)S j(s) + β
2
jS j(t)S j(s)
+2β j
√
1 + β2
j
Re
(
eiθ jS j(t)S j(s)
)]
ψ j(x)ψ j(x
′)
≕
∑
j
w(2)ω j (x, x
′) . (34)
where α j = eiθ j
√
1 + β2
j
(β j was chosen to be real — see remarks after equation
(15)). The last equality in (34) shows that the minimization amounts to finding the
Bogolubov parameters β j and θ j whichminimize the contribution of eachmode to the
energy density. Since the last term in equation (33) is independent of the state ω, and
therefore independent of the Bogolubov parameters, this term becomes irrelevant for
the present purposes. Regarding the convergence of the sum in equation (34), see
remarks after equation (28).
The definition ofw(2)ω j allows us to make amode decomposition of the expectation
value of the regularized energy density on the state ω. We thus define
〈Tˆreg〉ω j(x, x′) ≔
[
1
2
∇0|x∇0|x′ + 1
2
∇c|x∇c|x′ + 1
2
m2
]
w(2)ω j (x, x
′) . (35)
Inserting (34) into (35) and taking the coincidence limit x′ → x, we find
〈Tˆ〉ω j(t, x) ≔ lim
x′→x
〈Tˆreg〉ω j(x, x′) =
1
2
(1 + 2β2j )
{
|S˙ j(t)|2|ψ j(x)|2 + |S j(t)|2
(
c(t)−2hkl(x)∇kψ j(x)∇lψ j(x) +m2|ψ j(x)|2
)}
+
1
2
2β j
√
1 + β2
j
Re
{
eiθ j
[(
S˙ j(t)
)2 |ψ j(x)|2
+
(
S j(t)
)2 (
c(t)−2hkl(x)∇kψ j(x)∇lψ j(x) +m2|ψ j(x)|2
)]}
. (36)
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It is clear from equation (36) that, if the energy density is not smeared also in
space, the parameters β j and θ j will not be constants. The smeared energy density is
now
E j ≔
∫
R
dt f 2(t)
∫
Σ
d3x
√
|h| 〈Tˆ〉ω j(t, x) . (37)
This should be interpreted as a heuristic formula, since this is just the coincidence
limit of the expectation value of the regularized energy density, not the renormalized
one. However, as stated above, this is the term which must be analyzed in order to
construct the SLE.
Since the spatial hypersurfaces are compact without boundary, we calculate∫
Σ
d3x
√
|h| hkl(x)∇kψ j(x)∇lψ j(x) = −
∫
Σ
d3x
√
|h|ψ j(x)∆hψ j(x)
= λ j
∫
Σ
d3x
√
|h| |ψ j(x)|2 = λ j . (38)
Therefore,
E j = (1 + 2β
2
j )
1
2
∫
dt f 2(t)
(
|S˙ j(t)|2 + ω2j (t)|S j(t)|2
)
+ 2β j
√
1 + β2
j
1
2
Re
{
eiθ j
∫
dt f 2(t)
(
(S˙ j(t))
2 + ω2j (t)S j(t)
2
)}
= (1 + 2β2j )c1 j + 2β j
√
1 + β2
j
Re(eiθ jc2 j) , (39)
where
c1 j =
1
2
∫
dt f 2(t)
(
|S˙ j(t)|2 + ω2j (t)|S j(t)|2
)
(40)
c2 j =
1
2
∫
dt f 2(t)
(
(S˙ j(t))
2 + ω2j (t)S j(t)
2
)
. (41)
It is easy to see that, by choosing
β j =
√√ c1 j
2
√
c2
1 j
− |c2 j|2
− 1
2
and α j = e
iθ j
√√ c1 j
2
√
c2
1 j
− |c2 j|2
+
1
2
(42)
and
θ j = −Argc2 j + pi , (43)
we minimize (39). We will refer to these states of low energy as ωSLE, and their
two-point functions will be referred to as w(2)ωSLE . The proof that these states are of the
Hadamard form will be left for the next section.
We remark that the SLE are dependent on the test function used in the smearing.
In spite of that, Degner [33] calculated the particle production process on such states
in RW spacetimes and showed that the rate of production is not strongly dependent
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on the test function chosen. This dependence would only be dropped if the terms
between parentheses in equations (40) and (41) could be taken out of the integrals.
This would be the case if and only if c(t) = constant, and in such a case we would
have c2 j ≡ 0 and the SLE would reduce to the static vacuum.
The SLE constructed here are different from the ones constructed by Olbermann
because here we minimize the energy density over a spacelike slab of spacetime
(containing entirely a Cauchy hypersurface and extended in time), while there the
integration over a spatially extended regionwas not in general necessary. Besides, the
treatment given here does not depend on the occurrence of spatial symmetries. We
also note that if we had chosen an arbitrary causal observer, the energy density would
contain terms of the form γ˙0γ˙l∇0|x∇l|x′w(2)ω (x, x′), which could spoil the positivity of
(40), thus compromising the minimization of the energy density. Such a problem
would also occur in the homogeneous, but anisotropic case.
4. Fulfillment of the Hadamard condition by the SLE
We will now show that the SLE are Hadamard states. As stated earlier in this
paper, Hadamard states are completely characterized by the singularity structure
of their two-point function, which means that the difference between the two-point
functions corresponding to different Hadamard states must be a smooth function.
Thereforewewill compare the two-point function corresponding to the SLE to another
one, corresponding to a given Hadamard state, and check that their difference is
smooth. For this purpose, we will use the concept of adiabatic states, which are
known to be, under certain conditions, Hadamard states. Moreover, this will give
us an explicit ansatz for T j(t). In order to verify that the SLE satisfy the Hadamard
condition, we will need a refinement of the notion of wavefront sets.
On the following, we will first introduce this refined notion of wavefront set and
the definition of adiabatic states in terms of this notion. In the sequel, we will present
the iteration procedure which provides the explicit ansatz for T j(t). After that we will
use these as tools to show that the SLE constructed in the former section satisfy the
Hadamard condition.
4.1. Adiabatic States
A distribution u ∈ D′(Rn) is said to be microlocally Hs at (x, k) ∈ Rn × (Rn{0}) if
there exists a conic neighborhood V of k and φ ∈ C∞0 (Rn), φ(x) , 0, such that∫
V
dnk
(
1 + |k|2
)s |[φu]∧(k)|2 6 ∞ .
Definition 4.1.1. The Sobolev Wavefront set WFs of a distribution u ∈ D′(Rn) is the
complement, in T ∗Rn{0}, of the set of all pairs (x, k) at which u is microlocally Hs.
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Junker and Schrohe [15] showed that the Sobolev wavefront set of a distribution
on any subsetX ofRn is a subset ofT ∗X{0}, and that, by choosing a suitable partition
of unity, this definition can be extended for any paracompact smooth manifold M.
Besides, they proved the following Lemma:
Lemma 4.1.1. For every Hadamard state ωH we have
WFs(w(2)ωH) =
{ ∅ , s < −1/2
C+ , s > −1/2 , (44)
where C+ is the set of points which composes the smooth wavefront set of a
Hadamard state (see definition (2.2.2) and equation (18)).
The adiabatic states are formulated iteratively (see below). For the N−th order
of iteration, the adiabatic states ωN are defined by the singularity structure of their
two-point function:
Definition 4.1.2. A quasifree state ωN on the CCR-algebra F is an Adiabatic State of order
N if, ∀s < N + 3/2,
WFs(w(2)ωN) = C
+ . (45)
Comparing this with Lemma (4.1.1), we have:
WFs(w(2)ωH − w(2)ωN) = ∅ , ∀s < N + 3/2 . (46)
Junker andSchrohe showed that the explicit constructiongiven in [12] satisfies theWFs
condition. Furthermore, they defined adiabatic states on general globally hyperbolic
spacetimes with compact Cauchy hypersurface. Hence the definition is also valid on
the expanding spacetimes considered here. We will present this construction now.
The adiabatic ansatz determines the initial conditions of the solutions to the field
equation (11). A solution to this equation, S j(t), assumes, as initial values,
S j(t0) = W j(t0) ; S˙ j(t0) = W˙ j(t0) . (47)
At a generic instant of time,
S j(t) = ς j(t)W j(t) + ξ j(t)W j(t) . (48)
W j is of the WKB form:
W j(t) =
1√
2Ω j(t)c(t)3
exp
(
i
∫ t
t0
dt′Ω j(t′)
)
. (49)
Ω j(t) is determined iteratively:
Ω
(0)
j
= ω j
(Ω(N+1)
j
)2 = ω2j −
3(c˙)2
4c2
− 3c¨
2c
+
3(Ω˙(N)
j
)2
4(Ω(N)
j
)2
−
Ω¨
(N)
j
2Ω(N)
j
. (50)
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In the formulas appearing below, whenever a superscript (N) is present, it is
meant that we are considering the N-th order of the adiabatic iteration. The authors
of [12] showed that, within a certain interval of time I and for large values of λ j (the
“frequency” ω j is defined in terms of the eigenvalues of the laplacian λ j in equation
(12)), there exist constants Cξ , Cς > 0 such that
Ω
(N)
j
(t) =O((1 + λ j)1/2) ,
|ξ(N)
j
(t)| 6 Cξ(1 + λ j)−N−1/2 , |1 − ς(N)j (t)| 6 Cς(1 + λ j)−N−1/2 , (51)
and
|W(N)
j
(t)| = O((1 + λ j)−1/4) and |W˙(N)j (t)| = O((1 + λ j)1/4) . (52)
Now we will show thatWFs(w(2)ωSLE −w(2)ωN) = ∅ and, by property (19), we will have
WFs(w(2)ωSLE − w(2)ωH) = ∅.
4.2. Fulfillment of conditions
From (48), (51) and (52),
∂ktS
(N)
j
(t) = O((1 + λ j)k/2−1/4) . (53)
The two-point function corresponding to the SLE is given by (34), where c1 j, c2 j
and β j are given by (40), (41) and (42), respectively. Since c1 j > |c2 j|,
2β2j ≈
1
2
|c2 j|2
c2
1 j
+
1
4
|c2 j|4
c4
1 j
+ . . . (54)
From (40) and (53), it is immediate to see that
c1 j = O((1 + λ j)1/2) . (55)
The analysis of the behavior of |c2 j| is more involved. For this we need to estimate
the scalar products of the WKB functions. The first one already appeared in equation
(52): (
W(N)
j
,W(N)
j
)
=
∫
I
dt
1
2c(t)Ω(N)
j
(t)
= O((1 + λ j)−1/4) . (56)
On the other hand, the scalar product(
W
(N)
j ,W
(N)
j
)
=
∫
I
dt
1
2c(t)Ω(N)
j
(t)
exp 2i
∫ t
t0
Ω
(N)
j
(t′)dt′ (57)
is rapidly decaying in λ j. This follows from the stationary phase approximation. It
can be directly seen by exploiting the identity
exp 2i
∫ t
t0
Ω
(N)
j
(t′)dt′ =
1
2iΩ(N)
j
(t)
∂
∂t
exp 2i
∫ t
t0
Ω
(N)
j
(t′)dt′
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several times and subsequent partial integration. The estimates on Ω(N)
j
and its
derivatives, together with the smoothness of c(t), then imply the claim. Using these
results, we have |c(N)
2 j
| = O(λ−N
j
). Therefore,
β(N)
j
= O(λ−N−1/2
j
) . (58)
Now, we need similar estimates for the eigenfunctions and eigenvalues of the
laplacian. The asymptotic behavior of the eigenvalues is directly given by Weyl’s
estimate [26]:
λ j = O( j2/m) , (59)
where m is the dimension of the Riemannian manifold.
For the estimate on ψ j, we start by defining the spectral function of the Laplace
operator as the kernel of the projection operator on the subspace of all eigenfunctions
of the Laplace operator whose corresponding eigenvalues are smaller than a certain
value λ:
e(x, y, λ) ≔
∑
λ j6λ
ψ j(x)ψ j(y) . (60)
Elliptic regularity guarantees that this sum is bounded. The author of [34] proved
that, for any differential operator Qx,y of order µ, the following inequality is valid:
|Qx,y(e(x, y, λ))| 6 CQλm+µ , (61)
where m is the dimension of Σ. Combining this result with the Weyl’s estimate and
restricting to m = 3, we obtain
|∂|k|ψ j(x)|2 6 C3,kλ3+2|k|j ∴ |∂|k|ψ j| = O( j1+2|k|/3) . (62)
Now, we proceed to the proof that the SLE are Hadamard states. As stated
at the beginning of this section, adiabatic states ωN in spacetimes with metric (8)
and compact Cauchy hypersurface are Hadamard states. To show that the SLE are
Hadamard, it suffices to show that
w(2)ωSLE − w(2)ωN ∈ Hs(M×M) ,
for s < N + 3/2. Moreover, since
Ck(M×M) ⊂ Hs(M×M) ∀s < k − 1
2
dim(M×M) ,
all that is needed is to show that ∃ k > 0 such that
w(2)ωSLE − w(2)ωN ∈ Ck(M×M) . (63)
The difference between the two-point functions is given by
(w(2)ωSLE − w(2)ωN)(t, x; t′, x′) =
∑
j
(
T j(t)T j(t
′) − S(N)j (t)S(N)j (t′)
)
ψ j(x)ψ j(x
′) . (64)
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We will verify the convergence of this sum by estimating the asymptotic behavior of
its derivatives:
∂|k|x,x′(w
(2)
ωSLE − w(2)ωN)(x; x′) =
∑
j
∂|k|x,x′
[(
T j(t)T j(t
′) − S(N)j (t)S(N)j (t′)
)
ψ j(x)ψ j(x
′)
]
. (65)
Since T j(t) is obtained from the adiabatic ansatz, it should be viewed as T
(N)
j
(t).
Performing the Bogolubov transformation to write the two-point function of the SLE
as (34), we find
T
(N)
j (t)T
(N)
j
(t′) − S(N)j (t)S(N)j (t′) = (β(N)j )2
[
S(N)
j
(t)S
(N)
j (t
′) + S(N)
j
(t′)S
(N)
j (t)
]
+ 2β(N)
j
√
1 + (β(N)
j
)2Re
[
eiθ jS(N)
j
(t)S(N)
j
(t′)
]
. (66)
From (53) and (58), the last term on the rhs of (66) has the largest order in j. For that
reason, this is the only term which we will take into account in the verification of the
convergence of the sum.
Rewriting the estimates (53) and (58) in terms of j, we have
∂ktS
(N)
j
(t) = O( jk/3−1/6) , (67)
β(N)
j
= O( j−2N/3−1/3) . (68)
It is then easy to see that the derivative of largest order in (65) is ∂|k|x,x′ :
∂|k|x,x′
[(
T j(t)T j(t
′) − S(N)j (t)S(N)j (t′)
)
ψ j(x)ψ j(x
′)
]
= O
(
j
4|k|
3 − 2N3 + 43
)
. (69)
The sum in (65) will be absolutely convergent if
4|k|
3
− 2N
3
+
4
3
< −1 ∴ |k| < N
2
− 7
4
. (70)
This means that
w(2)ωSLE − w(2)ωN ∈ C⌊
N
2 − 74 ⌋(M×M) , (71)
where
⌊x⌋ ≔
{
max{m ∈ Z|m 6 x} , x > 0
0 , x 6 0
. (72)
Finally,
WFs(w(2)ωSLE − w(2)ωN) = ∅ for s <
N
2
− 23
4
. (73)
SinceN+ 3
2
> N
2
− 23
4
, the above equality means that ∀s > −1/2 , ∃N ∈ Z+ such that the
adiabatic states are Hadamard states and, at the same time, satisfy (73)∗ . Therefore,
WF(w(2)ωSLE − w(2)ωH) = ∅ . (74)
This proves that the States of Low Energy constructed on globally hyperbolic
spacetimes with metric of the form (8) and compact Cauchy hypersurface are
Hadamard states. We remark that this proof is also valid for the SLE constructed
on homogeneous spacetimes above.
∗ The equality (73) is valid ∀s ∈ R, but for s < −1/2 the Sobolev wavefront set of a Hadamard state is
itself empty.
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5. Conclusions
Wehave constructed states on expanding spacetimes without spatial symmetries
which, at the same time, satisfy theHadamard conditionandminimize the expectation
value of the smeared energy density. Our construction requires that the smearing is
performed over a spatially extended region, a necessity which was not present in
the original definition of SLE. However, we have generalized a procedure which was
valid only for symmetric spacetimes.
Despite this definition of SLE being more general, we do not claim that this
construction is themost general possible, because, generically, themetric on a globally
hyperbolic spacetime is of the form (6). Our construction relies on the existence
of time-independent modes. A more general construction would require different
techniques that do not rely on the ocurrence of such modes, such as an analysis based
on pseudo-differential calculus, as the authors of [35] made in order to construct
Hadamard states. Furthermore, the states here defined depend on the particular test
function chosen for the smearing. Although the particle production process on RW
spacetimes was shown not to be strongly dependent on it [33], the complete role
played by the test function on observational results is not yet well understood.
The existence of Hadamard states on a general globally hyperbolic spacetime is
long known [36], although it was proven in a rather indirect way. A lot of work has
been devoted to the construction of Hadamard states on cosmological spacetimes.
Besides the adiabatic states, one has the so-called Bunch-Davies vacuum state on de
Sitter spacetime [37], whose formulation was recently generalized to asymptotically
de Sitter spacetimes [38]. We remark that these states differ from the presently
constructedones since, in their case, whenever the spacetimepossesses aneverywhere
timelike Killing vector field, the one parameter group which implements the action
of this vector field on the GNS representation associated to that state has a positive
self-adjoint generator. In the coordinate system used in the present work, this would
amount to β j = 0. Another recent construction of Hadamard states was given in [39],
where the authors construct Hadamard states based on the spectral decomposition
of the causal propagator on relatively compact spacetimes. These also differ from
the present ones. For a timely review, including KMS states, almost KMS and almost
equilibrium states on static and cosmological spacetimes, see [40].
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